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Abstract— In this paper, we present an efficient framework
to study the directional interactions within the multiple-input
multiple-output (MIMO) biological neural network from spike-
train data. We used an efficient generalized linear model (GLM)
with Laguerre basis functions to model a MIMO neural system,
and developed an Effective Connectivity Matrix (ECM) to
visualize excitatory and inhibitory connections within the neural
network. A new causality representation was developed based
on system dynamics. Statistical test was applied to identify
the significance of the measured causality. We tested ECM on
both common-input model and random networks. The results
showed that ECM could (1) solve the common-input problem;
(2) recover the causality among random neural networks with
different connection probabilities and sizes of networks; and
(3) identify the excitatory and inhibitory connections among
neuronal populations accurately.

I. INTRODUCTION

Functions of neural networks depend on the connectivity
at different levels. Currently, reverse-engineering the con-
nectome with invasive neural recording techniques to build
mechanistic model is time-consuming [1]. As an input-output
driven approach, analyzing the connectivity from neural
activities provides a viable alternative [2].

To elucidate how groups of neurons organize and exchange
information within or between sub-regions of the brain, ac-
curate identification of directionality in effective connectivity
(EC) is crucial [2]. While lots of studies have analyzed the
association between neurons using various standard signal
processing or statistical methods, such as cross-correlogram,
coherence, or joint peri-stimulus time histogram [3], these
common measures are unable to provide a clear picture of
how information flows from one neuron to another. Both
model-based and model-free methods have been developed
to measure causal interactions. Examples of model-based
methods include Granger Causality and Dynamical Causal
Modeling. Other two popular model-free methods are Di-
rected Information and Transfer Entropy. These methods
can be equivalent under certain circumstances, for instance,
Granger Causality (model-based, autoregressive) is equiva-
lent to Transfer Entropy (model-free, information-theoretic)
for Gaussian variables [4], indicating a link between data-
driven causal inference and information theory.

In order to delineate the underlying physical mechanism
of neuronal connections, we propose a data-driven method
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to analyze EC and define an Effective Connectivity Matrix
(ECM) to visualize the causality among neural ensembles.
Causality in this paper corresponds to the directional in-
teractions among neurons [5]. ECM was constructed in
three steps. First, the local neural circuits with multiple
time-series spike-train data are described under Generalized
Linear Models (GLMs) framework. The Laguerre basis func-
tion was applied to characterize the system dynamics with
an optimal history window. Both feedforward kernels and
feedback kernel were utilized to capture the spiking activity
of ensemble neuronal populations and self-spiking history to
the target neuron. Second, the increase in log-likelihood of
the joint conditional intensity between the full model and the
candidate partial model was described to capture the strength
of the causality of each element in ECM, while the excitatory
and inhibitory was determined by the integrated area under
kernel. Third, a goodness-of-fit test was finally added to show
the significance of the causality measured by ECM.

ECM allows us to identify the excitatory and inhibitory
causality among multiple neurons, and to estimate network
patterns based on the final directed weighted network re-
constructed from spike train data. The performance of ECM
is evaluated with spike trains generated with common-input
cases and random neural networks with different connec-
tion probabilities and number of neurons involved in the
neural networks. The simulation results suggest that ECM
can identify causal interactions between neurons in random
networks and recover excitatory and inhibitory connections
among neuronal populations accurately and efficiently.

II. METHODOLOGY

A. Laguerre Point Process Model

Spike train data can be regarded as a point process [6].
The instantaneous firing rate is generated from conditional
intensity function λ

(
t|H(t)

)
based on firing history, which

can be modeled as

λi
(
t|Hi(t)

)
= lim

∆→0

Pr
[
Ni(t +∆)−Ni(t) = 1|Hi(t)

]
∆

, (1)

where Ni(t) denotes the number of events which occurred
inside the time interval (0, t] and Hi(t) is the spiking history
of neuron i before time t. The input-output data driven model
is established as follows: input space X = (x1,x2, · · · ,xn)
are the spiking activities of simultaneous recorded neurons;
output is the target neuron’s instantaneous firing probability,
λi. The general model is as

λi(t) = exp
(
k0 +

N

∑
n=1

M

∑
τ=1

k(n)(τ)xn(t− τ)
)
. (2)
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N is the number of neurons, M is the history window size,
k0 is the base line and k(n)(τ) are the coefficients of each
delay tap. The link function is a log transformation and we
assume the target neuron’s firing probability as

λi(t|M,k) = pyi,t
i,t (1− pi,t)

1−yi,t ,yi,t ∈ (0,1), (3)

where pi,t is the firing probability of neuron i at time t and
yi,t is chosen as binary value either 0 or 1. Consider that
the number of neurons recorded and history window size
are both large, in which case the computation cost is high,
we may decompose the estimated coefficients using Laguerre
basis function [7], [8] as

k(n)(τ)≈
J

∑
j=1

c(n)( j)b j(τ), (4)

where c(n) are the coefficients of the basis functions b j,
τ ∈ [1,M] and J is the optimal number of basis functions
determined by minimizing the mean square error of spike
count in training dataset. Substituting equation (4) into (2),
one gets

λi(t) = exp
(
k0 +

N

∑
n=1

J

∑
j=1

c(n)( j)
M

∑
τ=1

b j(τ)xn(t− τ)
)
. (5)

The convolution of the j-th basis function and the n-th input:

v(n)j (t) =
M

∑
τ=1

b j(τ)xn(t− τ). (6)

The j-th order Laguerre basis function b j(τ) constitutes an
orthonormal basis, so v(n)j (t) can be calculated recursively.

B. Effective Connectivity Matrix

We split the time duration (0,T ] into K bins. Such that
K is large enough so that only 0 or 1 is observed in each
subinterval. The likelihood function can be expressed as

` f ull =
K

∏
k=1

[
λi
(
tk|Hi(tk)

)
∆
]∆Nk

[
1−λi

(
tk|Hi(tk)

)
∆
]1−∆Nk .

(7)
We define the candidate partial model without j-th input as

λ
j

i (t) = exp
(
k̂0 +

N

∑
n=1
n6= j

M

∑
τ=1

k̂(n)(τ)xn(t− τ)
)
, (8)

and finally the likelihood function of this model is

` j
f ull =

K

∏
k=1

[
λ

j
i

(
tk|Hi(tk)

)
∆

]∆Nk
[
1−λ

j
i

(
tk|Hi(tk)

)
∆

]1−∆Nk
.

(9)
The increase in log-likelihood Ii j is given by

Ii j = log
` f ull

` j
f ull

. (10)

Since log` f ull is not less than log` j
f ull , Ii j is not negative.

We can construct each causal influence in ECM as

Bi j =
M

∑
τ=1

J

∑
q=1

ĉ(n)(q)bq(τ). (11)

Here, Bi j is an element in causal influence matrix B repre-
senting the effect neuron j has on the firing probability of
neuron i.

The significance of elements estimated in causal influence
matrix B can be tested using chi-square test [9], which can
help identify significant causal interactions. The element un-
der p-value 0.05 should be kept to construct ECM. Consider
the null hypothesis

H0 : ` j
f ull = ` f ull . (12)

If adding the spiking activity from neuron j cannot improve
the joint probability of the point process significantly, we re-
ject the hypothesis. The differences of the deviances between
these two log-likihood functions is derived as

∆D =−2[log` j
f ull− log` f ull ] = 2Ii j. (13)

If neuron j is involved in causing the firing pattern of target
neuron i, then ∆D ∼ χ2

J =
∫

∆D
0

t(J−2)/2e−t/2

2v/2Γ(J/2)
dt, where J is the

difference of the degree of freedom between two models and
equivalent to the number of basis functions. It can be divided
into two situations: (1) J = Jk, if we neglect spiking history
from other neuron; (2) J = Jh, if the self-spiking history
of the target neuron is not considered. The statistical test
provides us with a decision matrix, whether the causality is
sufficient or not to contribute to the spiking activity of target
neuron. We defined a decision matrix A, and Ai j = 1, when
∆D ∼ χ2

J ; otherwise, Ai j = 0. Finally, after the chi-square
test, we get the element in ECM as

Ci j = Ai j ·Bi j = Ai j

M

∑
τ=1

J

∑
q=1

ĉ(n)( j)bq(τ). (14)

Finally, ECM can be represented as C= A•B.

C. Directed Random Network

Assume the graph model as G (N,M), where N, M are the
number of nodes and edges in this graph. All graphs with
N nodes and M edges have equal probability to appear, and
the probability function is given as [10]

fG(N,M) = pM(1− p)2·
(N

2

)
−M. (15)

N nodes and M edges with connection probability p forms
a directed random neural network.

III. RESULTS

A. Common Trigger Excites Two Targets

Effective connectivity corresponds to the causal inter-
actions between neuronal units. The observed relationship
between two neurons may result from a common input
based on anatomical connectivity. We analyzed the causality
between the neuronal activities from a common input to
test the capability of the proposed framework in recovering
actual effective connectivity. Integrated area under kernels
was represented as the causal interactions as equation (11) .
In the simulation, the weights of basis functions are selected
randomly from -1 to 1, the number of basis functions for
feedforward and feedback kernels are 3. The time-delay is
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set to 50 ms. The schematic diagram depicting the three-
neuron model is shown in Fig. 1, and the raster plot of a
segment of the simulated spike train data is displayed in
Fig. 2.

After applying ECM to the simulated spike-train data, we
obtain results shown in Fig. 3. The elements in ECM can
be regarded as the accumulated spiking-history effects from
input neurons. ECM recovers the causal interactions among
three-neuron model accurately.

2

1

3

Cij

ECM

C11=C22=C33<0

C12>0, C13 > 0

C21=C23=C31=C32=0

X1(t)

X2(t) X3(t)

Fig. 1: The schematic diagram here describes the three-neuron model used to test the
performance of ECM on spike-train data. The generation of simulated spike-train data
of each neuron is affected by its own history and other neurons’ activity. Neuron #1
has excitatory effect on both Neuron #2 and #3; each neuron has self-inhibitory effect.
To validate our proposed method, we checked if elements in ECM are consistent with
the actual model.
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Fig. 2: Raster plot of common-input model with average 18 Hz firing rate.

Fig. 3: Comparison of ECM and simulated neural network. (a) Actual dynamical
influence in simulated neural network. The influences selected cover excitatory (red),
zero (black), and inhibitory (blue). The spiking history window size is 50 ms. Each
sub figure in (a) shows coupling dynamics. (b) ECM of inferred causal interaction. The
reconstruction of causality using proposed ECM also indicates the inhibitory (blue),
excitatory (red), and no influence (white) accurately.

B. Detection of Causality in Random Networks

Next, we apply ECM to random networks. The networks
have N nodes and pair of nodes are connected with prob-
ability p. We form the bidirectional random network with
different connection probabilities (p = 0.1, 0.2, 0.4, 0.6).
The number of nodes N fixed at 10. The weights of the
basis function to generate the simulated spike-train data is
set between (-1,+1). Table I gives the performance of ECM

on random networks, where CP indicates connection proba-
bility; EX is the excitatory connections; IN is the inhibitory
connections; Links is the connections established in final
simulated neural networks; TP is true positive accuracy of
estimating a causal interaction existing between trigger and
target neurons; TN is true negative accuracy of no causal
interaction; TP+ and TP− represent accuracy of estimating
excitatory and inhibitory effects in the neural network. Figure
4 illustrates the performance of ECM for each of the different
connection probabilities. Table I indicates that ECM can
recover the connections, even the excitatory and inhibitory
effects in random networks accurately.

TABLE I: Performance of ECM on Random Networks

CP #Links #EX #IN TP TN TP+ TP−

0.1 11 7 4 100% 98.9% 85.7% 75.0%
0.2 19 11 8 89.5% 100% 100% 75.0%
0.4 44 19 25 97.7% 96.4% 89.5% 84.0%
0.6 62 22 40 88.7% 100% 90.9% 82.5%

Fig. 4: Performance of ECM on random network with different connection probabilities
(P=0.1,0.2,0.4,0.6). Length of the simulated data is 100,000 bins. Each row compared
actual random network with ECM. The color bar indicates the effects of causal
interactions in [-1.5, 1.5].
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Fig. 5: Performance of ECM on random networks with different data length and number of neurons. The first row is the circle layout displaying random directed network
including nodes (red) and edges (blue); the second row shows us TP, TN, TP+ and TP− with data lengths ranging from 500 to 10000 bins.

C. The Impact of Data Length and Number of Neurons

We analyzed networks of sizes comparable to experimental
recordings but with shorter data to calculate TP, TN, TP+ and
TP−. The results of which are given in Fig. 5, as the length
of data available increases, the recovery accuracy of network
connections is higher. In simulations, the average firing rate
of input and output spike trains is around 18 Hz, and the
resolution of bins is 1 ms.

IV. CONCLUSION

Recently developed model-based methods can assess the
interactions among neurons but are often lack of directional-
ity information [11]. The connectivity is mostly based on es-
timating non-zero coefficients and the interactions identified
using group LASSO or prior information on edge densities in
certain brain regions. Here, ECM was derived with statistical
testing, which can have low computational cost even when
having only minimal information regarding anatomy. Simu-
lation results indicated that ECM gives stable and accurate
results in estimating causality among neural spike-train data.
One of the case studies targeted at the problem in common-
input, where the spiking activities of two neurons can be
influenced by other common-input trigger. In this case, the
cross-correlogram would falsely detect causal interaction
between Neurons #2 and #3 based on observed spike-train
data. As shown in Fig. 3(b), ECM provides us with a clear
view that: (1) neurons #2 and #3 shared no causal interaction
even with common-input node; (2) neuron #1 has excitatory
effect on both Neurons #2 and #3; and (3) the three neurons
have self-inhibitory effect to themselves. We have also tested
our method on random networks, which combined graph
theory with probability theory. We have analyzed the causal
interactions in several settings of random networks. ECM
can (1) recover the causality among random neural networks
with different connection probabilities and sizes of networks;
and (2) identify excitatory and inhibitory connections among

the neuronal populations with high accuracy, as shown in
Table I. Nonetheless, we have also analyzed the effects of
the data-length and the number of neurons in the network
on the accuracy of our method. When the data-length is
longer than 10,000 bins, the performance of ECM is much
more reliable. The results suggest that ECM could quantify
causality influence among neuronal populations accurately
and reliably.
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